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NATTONAI, AERONAUTICS AND SPACE ADMINISTRATTION

TECHNICAL NOTE D-1820

TRAJECTORY ENTRY CONDITIONS AT THE LUNAR SPHERE
OF INFLUENCE FOR APPLICATION TO DETAILED STUDIES OF
NEAR-MOON TRAJECTORY AND IMPACT CONDITIONS

By Harold A. Hemer and Ward F. Hodge
SUMMARY

Flight conditions at the lunar sphere of influence have been compiled for
use in conjunction with detailed studies of earth-moon trajectories. The calcu-
lations were based on the assumption that the ascent portion of the trajectory
is divided into two parts: one part from earth injection to entry into the
sphere of influence (earth-departure trajectory) and the other part lying within
this sphere (near-moon trajectory). Each part is approximated by two-body
solutions.

In the compilation, trajectory entry conditions at the lunar sphere of
influence are presented in relation to earth-injection conditions and essentially
describe the complete family of earth-departure trajectories that pass into the
sphere of influence. The entry conditions are the vehicle inertial velocity and
flight-path angle with respect to the moon and the location of entry around the
sphere of influence. These data provide a convenient means of making detailed
studies for specified lunar missions without requiring analyses of a large number
of earth-departure trajectories. The entry conditions required for a given mis-
sion can be established from a detailed study of trajectories within the sphere
of influence (simple two-body calculations). The compiled data presented herein
correlate these entry conditions to the appropriate earth-injection requirements.

Extensive data pertaining to ballistic trajectories within the sphere of
influence have also been presented. In this case, impact conditions (velocity,
angle, and location) and perilune altitudes for close-miss trajectories are given
in terms of entry conditions at the sphere of influence, and information on time
to impact is given for various altitudes above the moon. These data can be used
in making detailed studies for lunar-impact or lunar orbital missions.

INTRODUCTION

The planning of circumlunar or lunar landing missions will involve detailed
studies of trajectory requisites in the immediate vicinity of the moon. (For



example, see refs. 1 to 3.) Ordinarily, such studies would necessitate investi-
gation of a number of complete trajectories to the moon and, because of the com-
plicated nature of such trajectories, would require extensive calculations. In
references 4 and 5 results of comprehensive studies of earth-moon trajectories
are presented; however, detailed information regarding trajectory conditions at
or near the moon is limited.

This report presents a compilation of pertinent data which eliminates the
need for calculating a large number of complete trajectories for use in planning
a specific lunar mission. These data relate trajectory conditions at entry into
the lunar sphere of influence with corresponding earth-injection conditions.
Detailed studies may then be confined to trajectories within the lunar sphere of
influence wherein simple two-body calculations apply. In these studies the tra-
Jectories may be either ballistic or thrust-augmented, and values of entry con-
ditions required for a specified mission may be readily determined. Data Pre-
sented in this report, which correlate these values to the earth injection
requirements, are then used to establish the complete trajectory from the earth
to the moon.

This report also presents data on ballistic impact trajectories and ballis-
tic close-miss trajectories within the lunar sphere of influence. These data are
useful for detailed studies of earth-moon missions in which the vehicle is to
approach the moon on a collision course or on a low-altitude pass. Lunar impact
trajectories are applicable for such missions as research-instrument landing
(for example, ref. 6), supply ferry to lunar station, and so forth. Low-altitude
(close-miss) trajectories are applicable for establishing orbits about the moon.
The impact and near-moon trajectory characteristics are presented in terms of
entry conditions at the lunar sphere of influence.

SYMBOLS

The English system of units is used throughout this report. If con-
version to metric units is desired, the following relationships apply:
1 foot = 0.3048 meter (exact), and 1 statute mile = 5,280 feet = 1,609.34h meters
(exact). Some of the quantities given in this list of symbols are defined geo-
metrically in figures 1, 2, and 3.

A angle between geocentric vehicle velocity vector Ve and selenocentric
vehicle velocity vector Vp at entry into lunar sphere of influence,
deg

B angle between geocentric radius vector e and selenocentric radius

vector rm* at entry into lunar sphere of influence, deg

C angle between geocentric vehicle velocity vector Ve and tangential
orbital velocity vector of moon V, at entry into lunar sphere of

influence, deg

C1,Co constants of integration (see appendix C)



el

distance between center of earth and center of moon, ft or statute
miles

eccentric anomaly, radians

auxiliary quantity corresponding to the eccentric anomaly in elliptic
orbits, radians

angular momentum of orbit (per unit mass), ft2/sec
semilatus rectum of orbit, ft

radius of moon, 5.7024 x 106 £t or 1,080 statute miles

radius vector {radial distance from center of earth or moon to vehicle),

ft or statute miles

used in equation (Al2) to define distance from center of moon

radius of sphere of influence of moon, ft or statute miles
perilune distance (from center of moon), statute miles

time; sec, min, or days

reciprocal of r (see appendix C)

time to reach perilune of orbit from radial distance r, min

time to reach perilune of orbit from lunar surface, min
time to impact moon from radial distance r, tp - tp 1, min
2

vehicle inertial velocity, ft/sec

minimum vehicle injection velocity to reach moon for given injection
radius, ft/sec

incremental injection velocity, Vi - Vi,min’ ft/sec
tangential velocity of moon in assumed circular orbit, ft/sec

inertial rectangular coordinate axes with origin at center of earth
(see fig. 1)

inertial rectangular coordinate axes with origin at center of moon
(see fig. 1)



a entry angle; angle between line Joining centers of earth and moon and
selenocentric radius vector at entry into lunar sphere of influence
(corresponds to longitude in lunar-orbital plane), deg

V4 flight-path angle; angle between velocity vector and line perpendicular
to radius vector, deg

€ eccentricity of orbit

il angle between geocentric radius vector and line Joining centers of
earth and moon, deg

6 angle between perigee (perilune) radius vector and geocentric
(selenocentric) radius vector, deg

2] total change in 6 for selenocentric orbit, On - 61, deg

A orientation angle of major axis of earth departure trajectory with
respect to line joining centers of earth and moon at injection, deg

He product of universal gravitational constant and mass of earth, ft5/se02

Hm product of universal gravitational constant and mass of moon, ft5/se02

T lunar lead angle; angle between geocentric radius vector and line
Joining centers of earth and moon at injection, deg

By rotational velocity of moon about center of earth, deg/sec or
radians/sec

Subscripts:

e geocentric value at entry into lunar sphere of influence

i geocentric value at injection

I selenocentric value at lunar impact

m selenocentric value at entry into lunar sphere of influence

min minimum absolute value for lunar impact

5 circular satellite velocity

ASSUMPTTONS AND METHOD

The data in this report, developed from the study of reference 4, are based

on the assumption that a sphere of influence exists about the moon. Under this
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assumption the earth-to-moon trajectory is separated into two parts, each of
which can be determined by simple two-body solutions. The two-body results
represent a good approximation of those obtainable from more refined calculations
such as from the classic restricted three-body equations of motion. (See ref, 4
for comparison of two-body and three-body results.) A description of the sphere
of influence and a derivation of its size (radius of 35,781 statute miles) are
given in reference k.

The calculations apply only to ballistic trajectories; that is, the vehicle
inertial velocity or flight-path angle are not altered during flight by addi-
tional thrusting. The injection data correspond to launch in an eastward direc-
tion with the trajectory of the vehicle lying in the orbital plane of the moon
(two-dimensional trajectories). An additional assumption is that the moon
revolves about the center of the earth in a circular orbit (average values for
the orbital radius and angular velocity of the moon are used).

The equations of motion used to calculate the data are given in appendices !/
to C. The data are divided into two groups. The first group pertains to the
earth-departure trajectory; that is, that part of the trajectory from earth
injection to the lunar sphere of influence. (As a necessary inclusion, these
data are supplemented with the perilune-distance value of the ensuing seleno-
centric portion.) The second group pertains to that part of the trajectory
within the lunar sphere of influence, the near-moon trajectory. All trajectories
in this second group result in lunar ballistic impact or in a close miss of the
lunar surface.

Earth-Departure Trajectories

The data for the earth-departure trajectories relate selenocentric entry
conditions at the lunar sphere of influence to the earth-injection conditions and
to perilune distance (closest approach to the center of the moon of the ensuing
near-moon trajectory). The earth injection conditions are defined herein as the
flight-path angle 75, vehicle inertial velocity Vi, and distance from the cen-

ter of the earth r;. For a given combination of these injection conditions the

perilune distance depends on the lunar lead angle T at injection (or time of
injection). ILunar-lead-angle data applicable to the present results are presented
in reference 4. The selenocentric entry conditions are the flight-path angle Yrms

vehicle inertial velocity V,, and location around the sphere of influence from
the earth-moon line «. Figures 1 and 2 illustrate the various trajectory param-
eters including those required for converting geocentric (earth) values to seleno-
centric (moon) values at the sphere of influence.

Some data on entry velocity and entry location for out-of-plane trajectories
are given in reference 7. These data indicate that, in general, the two-
dimensional results presented herein are good approximations to those obtained
for corresponding three-dimensional cases. Specific comparisons between the two
sets of data are made subsequently in this report.



Near-Moon Trajectories

The lunar impact velocity Vi, impact angle 71, and lmpact location O, as

well as close-miss perilune altitude are presented in terms of entry conditions
at the lunar sphere of influence. (The data for grazing impacts also represent
conditions at close-miss perilunes.) These data used in conjunction with the
first group of data (earth-departure trajectories) provide a comprehensive sum-
mary of conditions at (or near) the moon and corresponding earth-injection
requirements (two-dimensional) for ballistic trajectories. Also included are
time-to-impact data for various altitudes above the moon. Figure 3 presents an
illustrative sketch showing the pertinent parameters of the near-moon trajectory.

DISCUSSION OF RESULTS

Earth-Departure Trajectories

General.- For any combination of entry conditions at the lunar sphere of

influence, the required injection velocity Vi 1is highly dependent on the injec-
tion radius ry. 1In order to present the entry data for a range of injection
velocities and for a range of injection radii with one set of curves, the results
are normalized by plotting the injection velocity in terms of &V; . The quan-

tity AV4y 1is defined as the difference between the injection velocity V3 and

the minimum injection velocity required to reach the point on the lunar surface
nearest to the earth Vi,min (that is, 4&Vy =Vy - Vi,min)’ This manner of nor-

malization is possible since the Vi,min values (obtained from ref. L) are pri-

marily a function of injection radius as shown in figure 4. Hence, for any
injection radius (up to at least 4,500 statute miles) the curve shown in figure U
can be employed to convert the AV; values shown in figures 5 to 10 for earth-

departure trajectories to the appropriate V; values. The normalization proce-

dure gives accurate results in all cases except for entry-velocity data at the
higher values of injection radius and injection velocity, as shown subsequently.

The entry conditions are shown (figs. 5 to 10) for the injection-velocity
range from the minimum value required to reach the lunar sphere of influence to
the value for AVy = 5,000 feet per second. The infinite-velocity value is
included where posssible. Injection flight-path angles Y; are covered over the

range from O° to 60°. The entry conditions are shown for the range of subse-
quent perilune distances Tm,p from zero (dead-center hit) to a value equal to
the radius of the lunar sphere of influence. In the latter case, the trajectory
Just grazes the surface of the sphere of influence.

For a given combination of injection conditions, the lunar lead angle T
(or injection time) determines whether the earth-departure trajectory will be
"ascending” or "decending" and the entry conditions are shown in figures 5 to 10
for both cases. Ascending trajectories reach perilune while the vehicle is still
moving away from the earth; the opposite is true for descending trajectories.
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Descending trajectories would ordinarily be considered impractical because of

the comparatively longer trip times to the sphere of influence. However, this
type of trajectory does afford entry locations not attainable with ascending
trajectories. The descending-trajectory data are shown only for injection veloc-
ities well below the earth escape value; values of AV; higher than 162 feet per

second result in trajectories which would extend beyond the terrestrial sphere of
influence in the sun-earth system and would thus be affected by the gravitational
attraction of the sun. (See ref. 4 for complete description of lunar-trajectory
characteristics.)

The lunar lead angle also determines whether the direction around the moon
(within the sphere of influence) will be clockwise or counterclockwise. There-
fore, in addition to classifying the entry-condition data according to ascending
or descending earth-departure trajectories, the data are classified according
to the direction around the moon. The direction is shown as seen from the celes-
tial north pole. It should be noted that for counterclockwise motion the vehicle
never passes completely around the side of the moon farthest from the earth.

Entry-flight-path angle.- The values of flight-path angle at entry into the
lunar sphere of influence are presented in figure 5. Entry-flight-path angle is
shown to be primarily a function of perilune distance Tm,p (or injection time);

there is also a small effect due to injection velocity. Also evident in figure 5
is the fact that only a relatively small range of entry angles (approximately -85¢
to -95°) leads to ballistic impact of the moon.

The curve in figure 5(a) represents the entry angles for comparatively low
injection velocities; that is, from the minimum value required to reach the point
on the lunar sphere of influence nearest to the earth (ANi slightly less than
-45 ft/sec) to a AV; value of 45 feet per second. The latter value corresponds
approximately to the minimum injection velocity required to reach the point on
the sphere of influence farthest from the earth. Because of slight variations in
the data, the single curve drawn to represent the velocity range covered in fig-
ure 5(a) is accurate to only within *1°. As noted, the entry angles in fig-
ure 5(a) apply to either ascending or descending earth-departure trajectories.
Each limit shown on the curve indicates that portion of the curve that applies
to the corresponding injection velocity. For example, for an injection velocity
corresponding to AVy = -30 feet per second, the closest approach to the center
of the moon rp p can be anywhere from 35,781 to about 22,000 miles, depending

on the lunar lead angle at injection. These perilunes lie in the portion of the
sphere of influence nearest to the earth. For AVj = 30 feet per second, the

value of Tm,p caR be anywhere from 35,781 to O miles for perilunes in the near

portion of the sphere of influence, but only from O to 20,000 miles for perilunes
in the far portion.

Data in figure 5(b) can be used to determine the entry angles for earth-
departure trajectories in the region of the higher elliptic-injection velocities
as well as for all those in the hyperbolic region. Only the curve shown for
AV = 100 feet per second 1is valid for descending trajectories. As previously

noted, descending trajectories that correspond to a MV; greater than 162 feet

per second are not considered in the present analysis.



Entry velocity.- The data in figures 6 to 8 apply to vehicle velocity (with
respect to the moon) at entry into the lunar sphere of influence. As shown by
each AV curve in figures 6 and 7, the entry velocity Vp Vvaries according to

perilune distance (or injection time). Cross plots of the data in either fig-
ure 6 or figure T will yield entry velocity for any given injection velocity up
to AVy = 5,000 feet per second. The normalization procedure (that is, plotting

the data in terms of AV;) does not result in making the entry velocity entirely

independent of the injection radius. The entry-velocity data are shown in fig-
ures 6 and 7 for an injection radius of 4,100 miles (140-mile altitude) and can
be converted (Corrected) to apply to any other injection radius by information
presented in figure 8. (As shown in figure 8, the variation of the correction
value with injection radius is approximately linear at any value of injection
velocity. Figure 8 also applies to injection radii less than 4,100 miles, in
which case the correction will be a positive value.)

The entry velocity has a slight dependence on whether the trajectory is
ascending or descending, as shown in figures 6 and 7. In figure 7 (descending
trajectories) the range of applicable injection velocities extends only to
Ay = 162 feet per second, as has been previously discussed. The difference in

entry velocity between the ascending and descending trajectories varies from O
to about 120 feet per second depending on the value of V; and Tm,p- For lunar

impact (rm,p = 1,080 miles) this difference is approximately zero.

Data in figures 6 and 7 are shown for four specific values of injection
flight-path angle over the range from 0° to 60°. For low values of 71 (0° to
209), the entry-velocity data are practically the same; however, at the higher
values of 73 (409 and 60°) there is some noticesble difference in the data,

especially in the low-velocity range.

The 1limit lines shown in figures 6 and 7 correspond to the lowest entry
velocities possible for ballistic trajectories emanating from the earth. It is
of interest to note that for a given combination of earth-injection conditions

(Vi: 7i, and ri), the entry velocity will have a range of about 1,000 feet per

second according to the value of Tm,p and the direction of the ensuing seleno-

centric portion of the trajectory.

An indication of how closely the velocity data for the two-dimensional case
(coplanar) pPresented herein apply to the three-dimensional case (trajectory out
of earth-moon plane) is available from reference 7. Data in this reference show
that differences in entry velocity (with respect to the moon) at the sphere of
influence between in-plane trajectories and trajectories inclined up to 30° to
the earth-moon plane are less than 100 feet per second.

Entry location.- Data for location of the entry into the lunar sphere of
influence (figs. 9 and 10) are given with respect to the earth-moon line at entry.
The location angle a (illustrated in figs. 1 and 2) is measured positive in the
counterclockwise direction (as seen from celestial north pole) and corresponds to




longitude in the lunar-orbital plane. These data can be applied to the determi-
nation of lunar-impact location or perilune location.

As noted in figures 9 and 10, the results apply to any injection altitude.
Also, the data are shown for four specific values of injection flight-path angle
over the range from 0° to 60°, For low values of 74 (0° to 20°), the entry-

longitude data are practically the same; at the higher values of 73 (40° and
60°) there is some noticeable difference in the data.

As shown in figure 9, entry longitudes for ascending trajectories are not
attainable in the range a = 80° to 180°, whereas for descending trajectories
(fig. 10) this range is O° to 140°. The entry-longitude range of 80° to 140° is
not attainable from earth-departure trajectories, or more practically, the range
80° to 180°, since the region 1409 to 180° corresponds to trajectories with long
trip times.

A comparison of the two-dimensional results presented herein with the
results of reference 7 shows that differences in entry longitude (measured in
lunar-orbital plane) between in-plane trajectories and trajectories inclined up
to 30° to the earth-moon plane are not more than 1°.

Near-Moon Trajectories

General.- Figures 11l to 16 pertain to trajectories within the lunar sphere
of influence. Any ballistic trajectory emanating from the earth enters the
sphere of influence at hyperbolic velocity with respect to the moon. The calcu-
lations for the conditions at or near the moon, therefore, pertain to hyperbolic
trajectories within the lunar sphere of influence. The lower values of hyper-
bolic velocity (less than about 2,700 ft/sec) are not achievable at entry with
ballistic trajectories from the earth, but could be obtained by midcourse
thrusting (at the surface of the sphere of influence) or from trajectories
emanating from some other source. Thus, as a matter of completeness, data are
included for the entire hyperbolic range of entry velocities from parabolic
(escape) to infinite velocity. The value shown for the minimum entry velocity
for earth injection was obtained from figure 6 or 7 and corresponds to a ballis-
tic trajectory that will just reach the moon (rm,p = 1,080 miles). (A lower

minimum value of about 2,640 ft/sec is achievable by just grazing the sphere of
influence (rm,p = 35,781 miles).)

The entry flight-path angle 7, can have any value from 0° to —1800; how-

ever, for a given entry velocity, lunar impact (or perilune passage within
several hundred miles) can occur only within a limited range of entry-flight-path
angles. The end points of the impact range correspond to tangential or "grazing"
impacts (perilune distance equal to the radius of the moon), and its midpoint
forms a dividing line between clockwise and counterclockwise motion about the
moon. Since the motion is symmetrical about this line, it is sufficient for the
purposes of this report to present impact data only for the clockwise region of
motion. The extremities of this clockwise region are designated as impact bound-
aries: one which corresponds to tangential impacts, and the other to radial or



"dead-center” impacts for which the flight-path angle along the trajectory
remains constant at -90°, Similarly, the close-miss data (perilune altitudes)
are presented only for clockwise motion.

lmpact velocity.- The impact velocity is related to the entry velocity
through the principle of conservation of energy (eq. (B7z2)). The variation in
impact velocity with entry velocity is presented in figure 11. The resulting
curve is one branch of a hyperbola which becomes asymptotic to a 459 line through
the origin as the velocity becomes infinite. The minimum impact velocity corre-
sponds to a free fall from rest at the boundary of the sphere of influence to the
surface of the moon and was calculated by using equation (BTb).

Limitations on entry-flight-path angle for impact.- For a given value of
entry velocity, the minimum (absolute) value of Ym for lunar impact results in

a tangential (grazing) impact. A simple equation for calculating this minimum
entry-flight-path angle for impact Ym,min is obtained directly from the prin-

ciple of conservation of angular momentum, as follows:

i = rm*Vm cos ¥y = ByVT cos 71

By solving for 7m @and noting that 7T = O at perilune, the following eguation
for Ym,min is obtained:

-1/ BnV1
Y = COs
m,min (rm¥vm>

This equation results in the curve shown in figure 12. As indicated in figure 12,
Yn.min Teaches a maximum (negative) value of about -88.27° as Vmn becomes infi-
)

nite. This extremum of vy is equal to the complement of half the angle

m,min
subtended by the moon at the boundary of the sphere of influence.

Impact angle.- The impact flight-path angle is plotted against entry flight-
path angle in figure 13. This plot includes data for the entire range of hyper-
bolic velocities within the sphere of influence. Parabolic or escape velocity
forms a lower limit on the entry velocity and infinite velocity forms the upper
limit. The equations given in appendix B are not valid for infinite velocity;
however, the infinite velocity curve is easily calculated by means of simple
trigonometry. The two impact boundaries are also included in figure 13. The
radial impact boundary appears simply as a point common to all curves since the
flight-path angle along the trajectory remains constant at -90° for all entry
velocities. Data from figure 12 form the tangential impact boundary which coin-
cides with the yp-axis since 71 must be zero at perilune.

Impact location.- In figure 14, the total change in the angle 6 is plotted
against 7y, for the hyperbolic range of values of Vine This change in angle @®
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is equivalent to the total angular travel around the moon from entry to impact.
The same limits and boundaries discussed in figure 13 are included in this plot.
The radial impact boundary is the point common to all curves and the tangential
impact boundary becomes a curve defined by the data of figure 12. As in fig-
ure 13, the infinite velocity curve was obtained by means of simple trigonometry.

If the inclination of the near-moon trajectory plane is known and the axial
rotation of the moon is accounted for, the angle @ can be used to determine the
approximate longitude and latitude of impact with respect to coordinate axes
fixed at the center of the moon. A suitable lunar coordinate system in which the
X-axis is toward the direction of the earth through the lunar equatorial bulge at
Sinus Medii (Central Bay), the Z-axis along the axis of rotation, and the Y-axis
orthogonal to the X,7Z plane is described in reference 8. In this coordinate
system, zero longitude and latitude are located at Sinus Medii. ©Since this is
an equatorial coordinate system, only the longitude of impact will be affected by
the axial rotation of the moon. If the time to impact, which is discussed in
the next section, is known, the product of the time to impact and the angular
velocity of the moon about its axis of rotation will give the correction in lon-
gitude which is to be subtracted if the motion is in the direction of the moon
rotation or to be added if opposite 1it.

Time to impact.- For studies of the near-moon portions of earth-to-moon
trajectories, data on time to impact the moon is of interest. One use of such
data, that of determining lunar equatorial impact longitude, was discussed in
the preceding section. For a manned mission, data on the variation in the time
to impact as the vehicle approaches the moon would be important in connection
with navigation, retrofiring procedures, and soO forth.

The time required to impact the moon is plotted against 7, and Vp in

figure 15 for altitudes ranging from the surface of the sphere of influence down
to 5,000 statute miles. As in the preceding figures, both impact boundaries and
both velocity limits appear on the plots. Figure 15 shows that the impact time
has a much stronger dependence on Vp than on 7, and, in general, decreases

as Vp increases. However, a "cross-over" in the tangential impact boundary
appears in figure 15(d). The data of figure 15(d) indicate that the remaining
time until impact is greater for a higher entry velocity than for a lower one in
the region to the right of the cross-over point. The reason for this apparent
paradox can be explained with the aid of figure 14 which shows that for all
values of 7, the angle © Dbecomes progressively larger as Vp, 1is increased.

This result means that for a given value of 7»p, the total distance along the
trajectory increases with Vpy. Thus, the ratio of the remaining distances to be

traveled for two different values of Vp will increase as the altitude decreases.
When the altitude becomes small enough, the remaining distance to be traveled at
the higher velocity is sufficiently greater than the corresponding distance for
the lower velocity; thus the remaining time until impact 1is accordingly larger

in the cross-over region. For altitudes less than 5,000 statute miles above the
lunar surface, this cross-over effect becomes progressively more pronounced.
However, figure 15 was not plotted for altitudes less than 5,000 miles since the
remaining time to impact becomes relatively small. At an altitude of 1,000 miles,
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the remaining time is roughly 18 to 20 minutes for most of the velocity range
and at 500 miles, the time left is only 6 to 10 minutes.

Perilune altitudes for close-miss trajectories.- Manned lunar missions will
ordinarily require the establishment of orobits close to the moon. Transfer from
the hyperbolic trajectory into a circular orbit will probably occur at perilune
altitude (closest approach to lunar surface). The data relating perilune alti-
tude to entry conditions are presented in figure 16 for a range of altitudes to
900 miles. Perilune radii were calculated from

r - tm
m:P—l+€m

where Py and € are related to the entry conditions. (See appendix B.) The
perilune altitude is shown to be highly sensitive to entry flight-path angle.

The velocity at perilune and perilune location from entry are not ineluded;
however, the data presented herein for tangential impact will closely approximate
these values for close-miss trajectories. The velocity at perilune can be calcu-
lated from equation (B7a) by replacing Ry by Tm,p and the perilune location

is given by equation (B3).
CONCILUDING REMARKS

A purpose of this report has been to present an extensive collection of
data relating the trajectory entry conditions at the lunar sphere of influence to
earth-injection conditions (earth-departure trajectories). These data used in
conjunction with detailed studies of trajectories within the sphere of influence
(near-moon trajectories) provide a convenient means of determining earth-injection
requirements for specified lunar missions.

The results are based on two-body solutions but are good approximations to
those obtained by more refined methods of trajectory computation. Also, the
results refer specifically to trajectories launched in the earth-moon plane, but
are generally applicable to out-of-plane trajectories.

Also included in this report are comprehensive data on near-moon trajectories
that will apply in making detailed studies for lunar-impact or lunar orbital mis-
sions. Use of these data in conjunction with the data for earth-departure trajec-
tories provides a complete summary of conditions at or near the moon and corre-
sponding earth-insertion requirements.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., April 12, 1963.
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APPENDIX A
ROQUATTONS FOR EARTH-DEPARTURE TRAJECTORY

The eguations of motion for the earth-departure Lrajectory; thit is, that
part of the trajectory to the lunar sphere of influence, are presented in this
appeudix. Aloo included are the equations for converting ceccentric (er irth)
trajectory values to selenccentric (moon) vilues ut the surfoce of the sphere of
influence., Figures 1 and 2 show the directions for the angles and aid in visu-
alizing the equations.

The busic acsumpticns used for these cquations huave been diccuseed in the
main body of the report. Becaune of the magnitude of the eguntion congtants 1n
Enelich units, Lt wag convenient to perform the caleuwlations in Junar units.  In
addition, time was token in terms of dnyce.  The computed rocults were then con-
verted to Fnglich units.  The Longtants are given in table T in soth Englich and
Tunar units for the moon at on averase dictance from the earth.

Two-Body Equations

For computing the earth-depnrture trajectory (which may be elther elliptic,
parabolic, or hyperbolLP), the distance from the center of the earth for any
civen value of 0 is:

r o= P (A1)

1+ €5 cos 8

where 0 ic measured counterclockwise from the perigee radius vector to the
vehicle radius vector of the point in question. The semilatuc rectum of the
departure trajectory lis:

py = Ty l. o8y, (AP)

where 13 1s the injection radius vector from the ceuter of the earth, Vi 1o
the injection inertial velocity, 4 1o the injection inertial flight-path angle
measured with respect to the local sphericsd horizontal, and circular satellite

velocity at r; is
H
¢ = __Q_ Z
VS,] Ty (A3)

The eccentricity of the earth-departurc trajectory is

L-3295 13



where
pifTs J
tan 6. = tan y. | ——2L = (a5)
: l[(Pi/ri) -1

For computing the inertial velocity at any point in the eurth-depurture Lrijec-
tory,

1 - C'E <y
vV = “e( - —————45—> (1))

Pi
where r 1is the distance from the center of the earth. TFor computing: the ner-
tial flight-path angle at any point,

=] Iae}

€: sin O
tan y = L (A7)
1+ €5 cos 6

For computing the time from injection to any point,
t = t(8) - t(ey) (A8)

where t(6) is time from perigee Lo the point in question, and t(ei) is the

time from perigee to injection. The value of t(6) is computed as follows:

If €; <1 (elliptic trajectory),

Py Py

t(e) = —— [ L (5 - e sin g (n9)

N
l—Ei e‘l“EjE

where E 1s the eccentric anomaly and

tan % = (A9a)

]
+ 1t
m | m
SR [
ot
o]
o]
n o

If €; >1 (hyperbolic trajectory),

14



t(8) = ——Eﬁ;——-Jgi —L1 _(-F + e; sinh F) (A10)

where F is an auxiliary quantity in hyperbolic orbits corresponding to the
eccentric anomaly in elliptic orbits, and

€. - 1
tanh E = |-+ = tan £ (A10a)
2 €i+l 2
If €; =1 (parabolic trajectory),

p.
£(8) = s /“_(% von g) <1 — g) (a11)
e [

The value of t(8i) 1is computed by using the appropriate equation (eq. (A9),
(A10), or (A1ll)) and by substituting 63 for 8. It should be noted that if
injection is at perigee the value of t(8i) will be zero. Also, the angles
E/2 and F/2 in equation; (A9a) and (AlOa) should always be considered to be
in the same guadrant as 8/2.

An important step in the calculations is to determine the point of entry of
the departure trajectory into the lunar sphere of influence. The method used in
this study was an iteration process which at a given value of 8 compared the
distance from the center of the moon rp with the radius of the lunar sphere of

influence rm* and computed the value of 6 necessary to make this difference
zero. This value, then, is taken as 8,. The equation used to calculate the

distance from the center of the moon was

ry2 = D° + r° - 2rD cos 7 (A12)

where 1 is the distance from the center of the earth to the point on the tra-
jectory under consideration and 1 1s the angle between the radius vector from
the earth and the line joining the centers of the earth and moon. The angle 7
is computed from the following equation:

n=6+ A - apt - 180° (A13)

The angle A 1is related to the lunar lead angle T Dby the following equation:
A= 180° - 8y - 7 (ALk)

15



‘ the angile between the »eliue veobor and o Line

Jolining the centers of Lhe carth and moon ot injection.

I determined st the point of entry into the sphers

V, 7, and v can be readily calceu-
It

Onee the value of 9
Tey Ve, Ve, and ..

ol influence, the geoventric values of 1,
lated for thie point. Theoe values are defined as
should be noted that ot this point

*

. o I‘m
sin 1, & — (A1)
€ D

and
D-r ) <r. 2(D+> (A16)
m = e = m i
The location of entry around the sphere of influence, defined by the
anglle  a, io:
a =1, + B (A17)

s piven in the subaequent reetion.

where the equiibion for the angle B

Equations for Converting to Moon Coordinates
al the point of entry to
'S

For converting velocity and flight-path angle
of the moon i+ v, ". The

selenocentric values, the distance from the center
velocity at entry with respect to the moon is

(A18)

2 2 2 -
Ve + Vm - LVCVm cos C

where Ve 1is the geocentric value at entry, the tangential velocity of the moon
rotating about the earth is

(A19)

h

and the angle € 1is
C =7 - Mg (A20)
The flight-path ancle at

where Ve and N, are the geocentric values at entry

entry with respect to the moon is



Jpp = B A A - T (Ar1)
where
-sin mn. i
sin B = ——~¥—Jﬁ (AC2)
rmr/D
and
. Vo .
sin A = -2 gin C (a23)
m

In order that B and A will be in the proper quadrani, the following Lwo
rules may be used:

(1) The sign of cos B is the sign of the quantity

(2) The sign of cos A 1is the sign of the quantity

17



APPENDIX B

EQUATTONS FCOR NEAR-MOON TRAJECTORY

The equations of motion used in calculating position and velocity data for
trajectories within the lunar sphere of influence are presented in this appendix.
The equutions are expressed in terms of the entry conditions at the surface of
the sphere of influence since =11 trajectories are assumed to originate at that
point. Also, the equations refer specifically to impact conditions, but will
apply to conditions at any distance from the moon. The first two equations
def'ine constants of the moticn, which are the semilstus rectum

* o
r 'V _ cos y_ )¢
pm=£m o m> (B1)
Mm
and the eccentricity
1 P
E :—————-—;-- B2
o cos em<?m > ( )

Additional two-body equaticns used in the calculations are:

Pu/ "y (B3)

(/") - 3

tan Gm

tan 7m

€m Rm

cos 8y = _1_<Er.la i ) (34)

® = 9 - 0] (B5)
tan 71 = w (B6)
m
1 - 2
vy = um(ﬁ% - ——-I-)im—> (B7)

18



&t BT}
v — 1 + V [ m B a
I RT‘ I Tm% ( 7 )

For the minimun impzct veloeity, which corresponds to a free fall to the
Tunar surface from the boamdary off the sphere of influence, V,  is zero and

equation (BTa) becomes

Vi o= THpy = - .l* (B7v)
Rn T

T the specinl cuse where Vo, equrile the escupe or purabolic velocity,

m . .
= —— and ecquation (B7a) reduces to
*

(B7c)

19
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Inspection of this equation shows that it does not hold for parabolic or
for radial motion. Time equations which are valid at the impact boundaries and
velocity limits discussed in this report can be derived as follows:

An equation for the time to reach perilune for parabolic motion can be
obtained by integrating a differential form of the equation for angular momentum.
The resulting equation is

Pp [Pm 8 1 38
P =7 ’um(an >t 3 an” 3 (c2)

Except for radial motion, equations (C1) and (C2) cover all cases of para-
bolic and hyperbolic motion and both are valid at the tangential impact boundary.
Since these equations give the time to reach perilune of the orbit, the time to
impact 1is given by

ty =ty -t (C3)

p,I

where tp and tp,I are determined by substituting the appropriate values of 6
into equation (Cl) or (C2).

The remaining case to consider is motion toward the moon along the radial
impact boundary. Here the tangential component of the velocity is always zero
and an expression for the time to impact can be derived from eguation (BT7a) by
writing it in the following differential form which can be integrated as
indicated:

dr _ 2y
at !
where
2u
Cq = V.2 - =1
1 m rm*

Separating the variables and making the substitution u = l/r gives

dt

It

21



The results of the integration yield

Y, u+ C
t—_—_a_'lg;____.].:.}.g_mf__gu___.g.c
1w 1 uVEumu +Cy

which constitute a general solution to the problem. The form in which the
second integral in equation (Ch) is evaluated depends on the value of C1 which

determines whether the motion is hyperbolic, parabolic, or elliptic.

(ch)

For the case of radial motion at hyperbolic velocity, C; > O and equa-
tion (C4) becomes

" =!ﬁ§np.+ Cl Hm uu + Cp JE_
C1u Clﬁ ,feu u + Cp + \/_

_m o, Mmq (Yo
C ge 2
1 Cl\/Cl V + Cl

By using the initial conditions r = rm* and V =V, when t =0 to evaluate

Co, the following equation is obtained for time to impact from the surface of
the sphere of influence:

-\/C v -\’C
tr = CA— (RmVI - rm*vm> + ﬁl_ Oge VI_E - ]_oge _m V-1l (C}-}a)
1

VC1 vy + C1 V +[CL

For the parabolic case, C; = O and equation (B7a) reduces to

which can be integrated by simple quadrature to give

t=—r5/2\/-+C
Hm

which reduces to the following equation for time to impact from the surface of
the sphere of influence:

W
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;-1 _&lzrm*)B/z _ (%)5/2] (Cliw)

Hm

where C, has been evaluated using the initial condition r = rm* when t = O.

For the elliptic case, C; <O and equation (C4) takes the form

\/ + C +C
P\l Mm__ gan-1 Bt t 1, Co
Cqu -Cq

Clﬁi

which gives

t1 = C;L]—_ (RmVI - rm*Vm) + ?—2;; tan™1 \/—l_%-_l- - tan~} —Y\f:;—l- (Cke)

when Co 1is evaluated as in equation (Cha).

As a matter of interest, it might be noted that equation (Cbrc) can be used
to calculate the time to fall freely to the lunar surface from a position of

rest. In this case, Vy is zero and C = -—2=.

*
Tn
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Lunar orbit

Ballistic trajectory

from earth -\/

\'Lunar sphere

of influence

To earth

Figure 2.- Sketch showing definition of parameters at time of vehicle entry into lunar sphere
of influence. Positive directions shown unless otherwise indicated.
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Figure 5.- Sketch showing definition of parameters for hyperbolic-impact trajectory within the lunar
sphere of iInfluence. Positive directions shown unless otherwise indicated.
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Figure 4,- Minimum injection velocity to reach the moon.
Injection flight-path angle 7i = 0% to 60°.
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motion about moon Entry flight-path angle, Yy deg about moon

(a) MV < U5 ft/sec.
Figure 5.- Variation of entry flight-path angle with perilune distance for ascending trajectories

and for descending trajectories (up to &Vy = 162 ft/sec). Data apply for all injection flight-
path angles and all injection altitudes.
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